We derive a thermodynamic uncertainty relation for general open quantum systems. Open quantum dynamics can be described by a joint unitary evolution on a composite system consisting of system and environment. By considering the environmental state after the interaction, we bound counting observables on the environment by a generalized dynamical activity, which is a quantum analogue of the quantity in classical Markov processes. Remarkably, our relation holds for any open quantum systems, any counting observables, and any initial states. We apply our relation to the continuous measurement on open quantum systems to find that the quantumness of the system can enhance the precision. arXiv:2003.08557v1 [cond-mat.stat-mech] 
Introduction.-Higher precision demands more resources. Although this fact is widely accepted with our intuition, it has not been proved theoretically until recently. Thermodynamic uncertainty relation (TUR) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] (see [14] for review) is a theoretical basis for this wildly accepted notion, which states that the current fluctuations, quantified by the coefficient of variation, are bounded from below by the thermodynamic costs such as entropy production and dynamical activity. Nowadays TUR is becoming the central topic in nonequilibrium thermodynamics and has been applied to infer entropy production of thermodynamic systems without knowing systems' details [15] [16] [17] [18] [19] .
Much progress has been made in TUR in classical stochastic thermodynamics. On the other hand, quantum analogues of TUR have been recently carried out but they are still in an early stage. Many previous studies on quantum TURs [20] [21] [22] [23] [24] [25] [26] [27] are concerned with rather limited situations and the bound for general open quantum systems has not been obtained. In the first place, although an observable of interest in TUR of classical stochastic thermodynamics is well defined, there is no consensus regarding what observables to be bounded in TUR of quantum systems. In the present Letter, we obtain a TUR for general open quantum systems. Open quantum systems can be described by a joint unitary evolution of a composite system consisting of the principal system and the environment. Using the composite representation, we formulate a TUR in open quantum systems as the bound for the environmental state by using the quantum Cramér-Rao inequality [28] [29] [30] [31] . The obtained relation exhibits remarkable generality: it holds for any open quantum dynamics, any counting observables, and for any initial density operators. Our TUR bounds the fluctuations of counting observables by a generalized dynamical activity, which reduces to the dynamical activity [32] of classical Markov chains in a particular limit. We apply our TUR to the continuous measurement of Lindblad equations and find that the quantumness of the system can enhance the precision of the observables.
Moreover, our formulation highlights conceptual similarities between quantum speed limit (QSL) [33] [34] [35] , which bounds the evolution speed of the principal system, and TUR.
Main result.-Let us consider a system S and an environment E. The environment is composed of an Mdimensional Hilbert space whose orthonormal basis is |m (m = 0, 1, ..., M −1). We assume that the initial states of S and E are |ψ and |0 , respectively. S and E interact from t = 0 to t = T via a unitary operator U acting on S + E and thus the state of S + E at t = T is [36] 
where V m ≡ m|U |0 is the action on S which is associated with a transition in E from |0 to |m . Although Eq. (1) is a simple interaction model, it can describe general open quantum dynamics starting from pure states. When tracing out E in Eq. (1), we obtain
where ρ = |ψ ψ| is a density operator of S. Equation (2) is referred to as the Kraus representation [36] . Typically in open quantum systems, a primary object of interest is a state of the principal system S after the interaction. On the other hand, we here focus on the state of the environment E after the interaction. For instance, in continuous monitoring of photon emission in open quantum systems, photon emitted to the environment during [0, T ] can be equivalently obtained via the measurement on the environment at final time t = T . Therefore, the environment contains all the information about the measurement records of the emitted photon. Equation (2) can be also interpreted as a state after the positive-operator valued measure (POVM). Let g(m) be a function of m associated with |m at the final state, where g(m) can return any real number. We assume that g(0) = 0.
(3)
The initial state of E was assumed to be |0 [Eq. (1)]. Therefore, when the state of the environment after the interaction is |0 , the environment remains unchanged before and after the interaction. For the photon counting problem, g(m) may represent the number of photons emitted to the environment. In this case, "no change" in the environment corresponds to no photon emission, which naturally justifies Eq. 2 . Then we find the following bound for the coefficient of variation of g(m):
where Ξ ≡ Tr S [(V † 0 V 0 ) −1 ρ] − 1 with ρ being the initial density operator of the principal system. Equation (4) is the main result of this Letter, whose proof is provided at the end of this Letter. Equation (4) holds for any open quantum systems (where V † 0 V 0 should be positive definite), any counting observable g(m), and any initial density operator ρ in S. V 0 is an operator corresponding to "no change" in the environment and thus the expectation of the inverse of V † 0 V 0 quantifies activity of the dynamics. Indeed, Ξ reduces to the dynamical activity [32] in classical Markov processes in a particular limit [cf. Eq. (13) ]. Therefore, we may refer to Ξ as a generalized dynamical activity for open quantum dynamics. Generality of the bound implies that Ξ is physically important quantity.
To see physical meanings of the main result, we apply Eq. (4) to the continuous measurement in open quantum systems. Let us consider a time-independent Lindblad equation [37, 38] :
where H is a Hamiltonian, D(ρ, L) ≡ LρL † − L † L, ρ /2 is the dissipator, and L c is a jump operator ([•, •] and {•, •} denote commutator and anti-commutator, respectively). The Lindblad equation renders the dynamics when we do not measure the environment. However, on measuring the environment, due to the back action of the measurement, the Lindblad equation is unraveled to yield a stochastic dynamics FIG. 1. Illustration of the input-output formalism in the continuous measurement for N = 3. The environmental initial state is |02, 01, 00 . The initial sub-state |0 k interacts with the principal system S within the time interval [t k , t k+1 ] via a unitary operator Ut k . The measurement record is obtained by measuring the environment E at t = T .
conditioned on measurement records. The evolution of the density operator ρ is given by a stochastic Schrödinger equation [39] [40] [41] :
where dN c is a noise increment and dN c = 1 when cth jump event is detected between t and t + dt and dN c = 0 otherwise. Its expectation is
The different increment dN c might correspond to an emitted photon with different frequencies. Averaging Eq. (6) over measurement records reproduces the original Lindblad equation (5) .
By using the input-output formalism [42] [43] [44] , we can describe the continuous measurement as the interaction between the system S and the environment E. We discretize time by dividing the interval [0, T ] into N equipartitioned intervals, and we define ∆t ≡ T /N and t k ≡ k∆t. We assume that the environmental orthonormal basis is |m N −1 , ..., m 0 , where a subspace |m k interacts with S within the time interval [t k , t k+1 ] via a unitary operator U t k (see Fig. 1 ). When the initial states of S and E are |ψ and |0 N −1 , ..., 0 0 , respectively, the state of S + E at time t = T is
where m ≡ [m N −1 , ..., m 0 ] and X m k is an operator associated with the action jumping from |0 k to |m k in E. |m N −1 , ..., m 0 provides the record of jump events. When measuring [m N −1 , ..., m 0 ], the unnormalized state of the principal system is X m N −1 · · · X m0 |ψ , which is referred to as a quantum trajectory conditioned on the measurement record [m N −1 , ..., m 0 ]. Equation (7) can be cast into Eq. (1) by re-defining V m and |m in Eq. (1).
For the continuous measurement of jump events, the operators within a time interval ∆t are
In the continuous measurement, observables counting the number of jump events within [0, T ] naturally satisfy the condition of Eq. (3). X 0 (∆t) in Eq. (8) corresponds to no-jump event within ∆t. Because V 0 in Eq. (4) corresponds to the action associated with no jump events within [0, T ], it is given by V 0 = lim N →∞ X 0 (∆t) N .
Since
, where we used the Trotter product formula [45] (please see [46] for details). The generalized dynamical activity reads
(10) Equation (4) with Eq. (10) is satisfied for the continuous measurement of jump events in any time-independent Lindblad equations starting from any initial density operators.
When we emulate classical Markov processes with the Lindblad equation, [H, c L † c L c ] = 0 holds. In this case, from Eq. (10), we obtain
where a subscript "CL" is short for "classical". Therefore, non-commutativeness [H, c L † c L c ] = 0 can be a benefit of quantum systems over classical counterparts. We evaluate the effect of the non-commutativeness in the generalized dynamical activity. Supposing that T is sufficiently small, a simple calculation gives [46]
where
representing the expectation of the commutative relation. When χ > 0, the system gains a precision enhancement due to the quantumness. As shown later, in a two-level atom system, χ is directly related to a non-diagonal element in the density operator, which is a signature of the quantum coherence.
Moreover, we can obtain a specific expression Ξ CL for classical Markov processes. Let |b i be an orthonormal basis in the Hilbert space. Suppose that the density operator is diagonal with respect to |b i , i.e., ρ = i P i |b i b i |, where P i is the probability ( i P i = 1 and P i ≥ 0). We assume that the Lindblad jump operators are given by
where γ ji (t) is the transition rate from |b i to |b j at time t. This dynamics reduces to classical Markov processes with transition rates γ ji (t) with initial probability P i . In this case, Eq. (11) is expressed by
which is valid for arbitrary (time-dependent) Markov chains and arbitrary initial states. For short time limit T → 0, Ξ CL reduces to the dynamical activity in classical Markov processes Ξ CL = i j =i P i´T 0 dt γ ji (t). In classical Markov processes, the dynamical activity was reported to constitute the bound in TUR [6, 9, 12] and the speed limit [47] . Let us mention differences between the present TUR and related quantum TURs. Reference [22] obtained TUR for quantum jump processes. Their bound is based on unravelling of the Lindblad equation and was derived semi-classically via the large deviation principle for T → ∞. Using the classical Cramér-Rao inequality, Ref. [24] derived a TUR in quantum nonequilibrium steady states. Their bound is concerned with instantaneous currents, which are defined by current operators, and derived under a steady-state condition. Recently, we derived a quantum TUR for the continuous measurement in Ref. [26] . The bound of Ref. [26] holds for any continuous measurements, while Eq. (10) depends on how we unravel the Lindblad equation (note that Eq. (4) itself holds for any open quantum systems). However, the bound of Ref. [26] requires a steady-state condition in the Lindblad dynamics.
We also note on a relation between QSL [33] [34] [35] and TUR. QSL is concerned with the evolution speed and the quantum Fisher information was reported to play central roles in QSL [48] [49] [50] . This induces us to think of possible similarities between QSL and TUR. While QSL focuses on the transformation of the principal system, TUR is concerned with the evolution of the environment. Therefore, QSL and TUR bound the evolution of the complementary states by thermodynamic quantities.
Derivation.-Our derivation is based on the quantum Cramér-Rao inequality [28] [29] [30] [31] , which has been used to derive QSL [48] [49] [50] and TUR [26] . Suppose that the final state of S + E is parametrized by a real parameter θ as |Ψ θ (T ) . Then, for arbitrary measurement operator Θ in S + E, the quantum Cramér-Rao inequality holds [29] :
where F Q (θ) is a quantum Fisher information [30, 51] ,
θ . When the system evolves according to Eq. (1) where U and V m (0 ≤ m ≤ M − 1) are parametrized by θ as U (θ) and V m (θ), respectively, Ref. [52] showed that F Q (θ) is given by
where 
To derive the main result [Eq. (4)] from Eq. (16), we consider the following parametrization for V m≥1 (θ):
where θ = 0 recovers the original operator. Since a completeness relation should be satisfied,
For any V 0 (θ) satisfying the completeness relation, there exist a unitary operator Y such that
Substituting Eqs. (17) and (18), we find that F Q (θ = 0) is simply given by (please see [46] for details)
We next evaluate ∂ θ g(m) θ in Eq. (16). Since we have assumed that g(0) = 0 [Eq. (3)], a complicated scaling dependence of V 0 (θ) on θ [i.e., Eq. (18)] can be ignored when computing g(m) θ . Specifically, we obtain
Evaluating Eq. (16) at θ = 0 with Eqs. (19) and (20) 
The dimentionality d and the number of operators M are randomly sampled from uniform distributions. We generate g(m) by randomly assigning return values from uniform distribution while satisfying g(0) = 0 (the parameter ranges are shown in the caption of Fig. 2(a) ). In Fig. 2(a 
), circles show Var[g(m)]/ g(m)
2 as a function of Ξ for many random realizations, where the solid line denotes the lower bound of Eq. (4). As can been seen with Fig. 2(a) , all the realizations are above the lower bound, which numerically verifies Eq. (4).
We next consider a photon counting in a two-level atom driven by a classical laser field. Let | g and | e be the ground and excited states, respectively. The Hamiltonian and the jump operator are defined by H = ∆ | e e | + Ω 2 (| e g | + | g e |) and L = √ κ | g e |, respectively, where ∆ is a detuning between the laserfield and the atomic-transition frequencies, Ω is the Rabioscillation frequency, and κ is the decay rate. We consider a counting observable for g(m), which counts the number of emitted photon during [0, T ]. We randomly select ∆, Ω, κ, T , and the initial density operator ρ. We calculate Var[g(m)]/ g(m) 2 for the selected parameters and the density operator (the parameter ranges are shown in the caption of Fig. 2(b) ). In Fig. 2(b 
2 as a function of Ξ for many random realizations, where the solid line denotes the lower bound of Eq. (4). Again, we see that all the realizations satisfy Eq. (4).
We calculate χ, defined in Eq. (12), for the twolevel atom system and obtain χ = −κΩI[ρ eg ], where ρ eg ≡ e |ρ| g and I[•] returns an imaginary part of the argument. This shows that, when non-diagonal elements of ρ do not vanish, the precision of counting observables can be increased. Note that χ can take both positive and negative values. Non-diagonal elements in the density operator are often associated with the quantum coherence [53] . The quantum coherence quantifies the deviation of quantum systems from classical counterparts, and it has been reported to enhance the performance of thermodynamic systems such as quantum heat engines [54, 55] . Similarly, our result shows that the quantum coherence can be used to enhance the precision of counting observables for the continuous measurement. We numerically calculate whether Var[g(m)]/ g(m)
2 of the counting observable can be bounded by Ξ CL and confirm that some realizations are lower than 1/Ξ CL (see [46] ). This indicates that the quantum coherence actually improves the precision of the counting observable. This supplementary material describes the calculations introduced in the main text. Equation and figure numbers are prefixed with S (e.g., Eq. (S1) or Fig. S1 ). Numbers without this prefix (e.g., Eq. (1) or Fig. 1 ) refer to items in the main text.
S1. CALCULATION OF QUANTUM FISHER INFORMATION
We show detailed calculations for the quantum Fisher information. Suppose that the final state of S + E is parametrized by a real parameter θ as |Ψ θ (T ) . Then, for arbitrary measurement operator Θ in S + E, the quantum Cramér-Rao inequality holds [1] :
where F Q (θ) is a quantum Fisher information [2, 3] 
We assume that the composite system evolves according to [cf. Eq. (1)]
In this case, Ref. [4] showed that F Q (θ) is given by
The mean of g(m) can be computed through a projective measurement G ≡ M −1 m=0 g(m) |m m| on E. Specifically, the mean of g(m) is g(m) θ = Ψ θ (T )|I S ⊗ G|Ψ θ (T ) , where I S is an identity operator in S. Because Eq. (S1) holds for arbitrary Θ in S + E, substituting Θ = I S ⊗ G into Eq. (S1) yields
To derive the main result from Eq. (S6), we consider the following parametrization for V m≥1 (θ):
where θ = 0 recovers the original operator. Since a completeness relation should be satisfied, V 0 (θ) should obey
is Hermitian, we can consider the spectral decomposition of
where {ζ i } is a set of different eigenvalues of M −1 m=1 V † m V m and Π i is a projector corresponding to ζ i . Given a univariate complex function f (x), an operator function f (A), where A is an Hermitian operator, is defined by f (A) ≡ i f (ζ i )Π i [5] . Then Eq. (S8) is given by
(S10)
First we calculate H 1 (θ) defined by Eq. (S4). Substituting Eqs. (S10) and (S7) into Eq. (S4), we obtain
Similarly, H 2 (θ) is obtained as follows:
Substituting Eqs. (S11) and (S12) into Eq. (S3), F Q (θ = 0) is given by
(S13)
S2. MIXED STATE CASE
We have derived the main result [Eq. (4)] for initially pure state. In this section, we show that the main result still holds for initially mixed state through the purification.
First we introduce an ancilla S which purifies mixed states in S. Let |ϕ be a pure state in S + S , which is a purification of ρ:
(S14)
We can describe the time evolution of |ϕ ϕ| as follows:
whereṼ m is defined byṼ m ≡ V m ⊗ I S with I S being an identity operator in S , and (T ) is a density operator in S + S at time t = T . Using the pure state |ϕ in S + S , the pure state of S + S + E after the interaction is
We can confirm that Eq. (S15) actually yields the consistent evolution for ρ(T ) in S, i.e.,
which agrees with Eq. (2). For the purified system, we consider the following parametrization forṼ m :
where V m (θ) is defined in Eq. (S7). Using Eq. (S19), Eq. (S16) is parametrized as
After the purification, we can obtain the quantum Fisher information by replacing |ψ and V m (θ) with |ϕ andṼ m (θ), respectively, in Eq. (S3):
Here F Q is the quantum Fisher information in S + S + E , i.e.,
where M SS E is a positive-operator valued measure (POVM) in S + S + E and F (θ; M SS E ) is the classical Fisher information obtained with M SS E . As shown in Ref. [4] , we can easily calculate
Evaluating Eq. (16) at θ = 0 with Eqs. (19) and (20), we obtain the main result [Eq. (4)] for initially mixed states.
S3. GENERALIZED DYNAMICAL ACTIVITY FOR CONTINUOUS MEASUREMENT
We show detailed calculations for the generalized dynamical activity Ξ for the continuous measurement. As shown in the main text, for the continuous measurement of jump events, the operators within a time interval ∆t ≡ T /N are [Eqs. (8) and (9)]
X 0 (∆t) in Eq. (S29) corresponds to no-jump event within ∆t. Because V 0 is the action associated with no jump events within [0, T ], it is given by
We now use the Trotter product formula [6] 
S4. LOWER BOUND BY ΞCL
In the main text, we plotted Var[g(m)]/ g(m) 2 as a function Ξ. Here, we also calculate the same quantity as a function Ξ CL , which is defined in Eq. (S36). Similar to the main text, we randomly select ∆, Ω, κ, and T and calculate Var[g(m)]/ g(m) 2 for the selected parameters (the parameter ranges are the same as the main text). In Fig. S1 , circles show Var[g(m)]/ g(m) 2 as a function of Ξ CL for many random realizations, where the solid line denotes the lower bound of 1/Ξ CL . The inset shows ΞVar[g(m)]/ g(m) 2 as a function of Ξ CL , which should be larger than 1 when the inequality holds. In contrast to the bound of 1/Ξ, some realizations are below the solid line, indicating that the lower bound of 1/Ξ CL does not hold.
